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Abstract
For a metric continuum X, let C(X) denote the hyperspace of subcontinua of X. The continuum
X is said to have unique hyperspace provided that if Y is a continuum and C(X) is homeomorphic
to C(Y ), then X is homeomorphic to Y . Among other results, we show in this paper the following:
(1) indecomposable continua such that all their proper and nondegenerate subcontinua are arcs, have
unique hyperspace, (2) there are metric compactifications of the space (−∞,∞), with nondegenerate
and connected remainder, that do not have unique hyperspace, (3) if X and Y are arcwise connected
circle-like continua such that C(X) is homeomorphic to C(Y ), then X is homeomorphic to Y. This
last result is a partial answer to a question by S.B. Nadler Jr.  2002 Elsevier Science B.V. All rights
reserved.
AMS classification: Primary 54B20, Secondary 54D35; 54F15; 54F50
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1. Introduction
A continuum is a nonempty, compact, connected metric space. Throughout this paper,
the letter X denotes a continuum. The hyperspace of subcontinua of X is denoted by C(X)
and the hyperspace of singletons of X by F1(X). The hyperspaces C(X) and F1(X) are
metrized by the Hausdorff metric.
A continuumX is decomposable if there exist A,B ∈C(X)−{X} such that X =A∪B.
If X is nondegenerate and it is not decomposable, then X is said to be indecomposable. We
said that a continuum X is an indecomposable arc-continuum if X is an indecomposable
continuum such that all its proper and nondegenerate subcontinua are arcs. A ray is a one-
to-one image of the space [0,∞). The image of 0 is called the end-point of the ray. If two
continua X and Y are homeomorphic, we write X ≈ Y . Then X ≈ F1(X).
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The members of a class Λ of continua are said to be C-determined [13, Definition 0.61]
provided that if X,Y ∈Λ and C(X) ≈ C(Y ), then X ≈ Y . The members of the following
classes of continua are known to be C-determined:
(1) Finite graphs different from an arc and a circle [2, Theorem 9.1].
(2) Hereditarily indecomposable continua [13, Theorem 0.60].
(3) Smooth fans [3, Corollary 3.3].
(4) Indecomposable arc-continua [11, Theorem 3].
(5) Metric compactifications of a ray, with nondegenerate remainder [1, Corollary 5].
(6) Continua X such that X = S1 ∪ R ∪ S2, where S1 ∪ R and S2 ∪ R are metric
compactifications of the disjoint rays S1 and S2, both with remainder R [1,
Theorem 10].
In [13, Question 0.62], S.B. Nadler Jr. asked if the members of the class of circle-like
continua are C-determined. In Sections 3 and 4 we give partial answers to this question. In
Section 3, we show a class of non arcwise connected circle-like continua whose members
areC-determined. In Section 4 we show that the members of the class of arcwise connected
circle-like continua are C-determined.
A continuumX has unique hyperspace [1, Definition 1] provided that if Y is a continuum
and C(X)≈ C(Y ), then X ≈ Y . The following continua have unique hyperspace:
• Finite graphs different from an arc and a circle [1, Theorem 1].
• Heriditarily indecomposable continua [1, Theorem 2].
• Metric compactifications of the real line, with disconnected remainder, such that both
components of the remainder are nondegenerate [1, Theorem 6].
• Metric compactifications of a ray, with nondegenerate remainder [1, Theorem 4].
In Section 2, we prove that indecomposable arc-continua have unique hyperspace.
Given a continuum X, consider a class FX of continua Y such that:
(i) no member of FX is homeomorphic to X,
(ii) no two distinct members of FX are homeomorphic,
(iii) C(X)≈C(Y ) for each Y ∈FX,
(iv) if Z is a continuum such that C(Z)≈ C(X), then either Z ≈X or Z ≈ Y for some
Y ∈FX, i.e., FX is the maximal class satisfying conditions (i)–(iii).
Definition 1.1. A continuumX has almost unique hyperspace if the class FX is nonempty
and finite.
Note that a continuum X has unique hyperspace if and only if FX = ∅. By [1,
Lemma 11] if X is an arc (respectively, a circle) then X has almost unique hyperspace,
and the only element of FX is the circle (respectively, the arc). In Section 3 we show that
each continuum X of the form (6), described above, has almost unique hyperspace. We
also show in Section 3 that there are metric compactifications of the space (−∞,∞), with
connected and nondegenerate remainder, that have almost unique hyperspace. In Section 4
we show that arcwise connected circle-like continua have almost unique hyperspace.
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2. Indecomposable arc-continua
The main result of this section is Theorem 2.3. In order to show this result we write some
terminology and preliminary results. All spaces in this paper are assumed to be metric.
Given a space Y , we denote by BY (p, ε) the (open) ball in Y centered at a point p ∈ Y
and having the radius ε. For a subset A of Y, we use the symbols ClY (A), IntY (A) and
BdY (A) to denote the closure, the interior and the boundary of A in Y, respectively. The
letter I represents the closed unit interval [0,1] in the real line R and the letter N the set of
positive integers. A map is a continuous function.
If P ∈ C(X), then C(P,X) = {A ∈ C(X): P ⊂ A}. If P = {p} ∈ F1(X) we write
C(p,X) instead of C({p},X). If A,B ∈C(X) and A B, then an order arc from A to B
in C(X) is a map λ : I →C(X) such that λ(0)=A, λ(1)= B and λ(s) λ(t) if s < t (see
[13, Definition 1.2] and [13, Definition 1.7]). Sometimes we identify an order arc with its
image. A normalized Whitney map in C(X) is a map µ :C(X)→ I such that µ({x})= 0
for each x ∈X, µ(X)= 1 and µ(A) < µ(B) whenever A,B ∈ C(X) and A B (see [13,
0.50, p. 24] and [13, Remark 1.16, p. 67]).
If n ∈ N, then an n-od in X is an element B ∈ C(X) for which there exists A ∈ C(B)
such that B − A has at least n components. A 3-od is also called a triod. An n-cell is a
space which is homeomorphic to In. In [7] it is proved the following theorem.
Theorem 2.1 [7, Theorem 1.9]. The hyperspace C(X) of X contains an n-cell if and only
if X contains an n-od.
As an immediate consequence of this theorem it follows that if X contains no triods
and Y is a continuum such that C(Y )≈C(X), then Y contains no triods as well.
If D is a 2-cell in a space Y, h : I 2 →D is a homeomorphism and o(D)= h(Bd
R2(I
2)),
then the set D − o(D) is called the relative interior of D.
Theorem 2.2 [1, Theorem 3]. Let D be a 2-cell in C(X). If p ∈ X is such that
{p} ∈ D − o(D), then for each ε > 0 there is T ∈ BC(X)({p}, ε) such that T is a triod
in X.
If a ∈ X, then the composant of a in X is the union of all proper subcontinua of X
that contains a. If X is indecomposable, then X contains uncountable many composants
[6, Theorem 3-46] and each of them is dense in X [6, Theorem 3-45]. A continuum X
is irreducible between points a and b, a = b, if a, b ∈X and no proper subcontinuum of
X contains both a and b. A continuum X is connected im kleinen at p ∈ X if for each
open subset U of X such that p ∈ U the component C of U that contains p satisfies that
p ∈ IntX(C). An arc with end-points a and b is denoted by ab.
Theorem 2.3. Indecomposable arc-continua have unique hyperspace.
Proof. Let X be an indecomposable arc-continuum and Y be a continuum such that
C(X)≈ C(Y ). Since X contains no triods, it follows that
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(1) Y contains no triods.
Let h :C(Y )→ C(X) be a homeomorphism. Take a point y ∈ Y . Using order arcs, it
can be shown that C(Y ) − {{y}} is arcwise connected, so C(X) − {h({y})} is arcwise
connected too. Since X is indecomposable, by [13, Theorem 1.51], C(X) − {X} is not
arcwise connected. Hence, h({y}) =X. This shows that
(2) X /∈ h(F1(Y )).
We claim that
(3) for each y ∈ Y and each ε > 0, there is an arc A in X such that A and h({y}) are
contained in different composants of X and A ∈ BC(X)(h({y}), ε).
Let y ∈ Y and ε > 0. Define K = h({y}). By (2), K is either a singleton or an arc in X.
If K ∈ F1(X), then K = {x} for some x ∈X. Let a ∈BX(x, ε) be such that {a} and K are
contained in different composants of X. Taking an order arc from {a} to X, it is possible
to find A ∈C(X)− {X} such that {a}A ∈ BC(X)(K, ε). Clearly, A satisfies the required
properties. Now, assume that K is an arc ab in X. We claim that
(3.1) there is not any arc ce in X such that, in the natural order of the arc ce,
c < a < b < e.
Suppose, to the contrary, that there exists an arc ce in X such that c < a < b < e. Then,
D = C(ce) is a 2-cell in C(X) such that K ∈D − o(D). Hence, D′ = h−1(D) is a 2-cell
in C(Y ) such that {y} ∈D′ − o(D′). This implies, by Theorem 2.2, that Y contains triods.
Since this contradicts (1), (3.1) is satisfied.
By (3.1) we infer that if B ∈ C(K,X) − {X}, then B satisfies one of the following
conditions:
(i) B = ab0 for some b0 ∈B such that, in the natural order of the arc ab0, b b0,
(ii) B = a0b for some a0 ∈B such that, in the natural order of the arc a0b, a0  a.
Assume, without loss of generality, that each B ∈ C(K,X) − {X} satisfies (i). Let
µ :C(X)→ I be a normalized Whitney map and t0 = µ(K). Clearly, 0 < t0 < 1. For each
n ∈ N, let an ∈ BX(a, 1n ) be such that {a} and {an} are contained in different composants
of X. Given n ∈N, taking an order arc from {an} to X it is possible to find An ∈ C(an,X)
such that µ(An) = t0. We may assume that An → A0, for some A0 ∈ C(a,X). Hence,
µ(An)→ µ(A0), so µ(A0) = t0. This implies that A0 is an arc in X. Using (i), it can be
seen that either A0 ⊂K or K ⊂ A0. Since µ(A0)= µ(K), it follows that A0 =K . Then,
An→K , so there is An ∈ BC(X)(K, ε). Clearly, An is an arc in X such that An and K are
contained in different composants of X. Then (3) is established.
Now we claim that
(4) h(Y )=X.
Suppose, to the contrary, that h(Y ) = X. Then, there is Y0 ∈ C(Y ) − {Y } such that
h(Y0) = X. Fix a point y ∈ Y − Y0 and let δ, ε > 0 be such that BY (y, δ) ∩ Y0 = ∅
and h−1(BC(X)(h({y}), ε)) ⊂ BC(Y)({y}, δ). By (3), there is an arc A in X such that A
and h({y}) are contained in different composants of X and A ∈ BC(X)(h({y}), ε). Note
that h−1(A) ∈ BC(Y)({y}, δ), so h−1(A) ∩ Y0 = ∅. Using order arcs from {y} to Y and
from h−1(A) to Y, we can deduce that {y} and h−1(A) are in the same arc-component of
C(Y )− {Y0}, so h({y}) and A are in the same arc-component of C(X)− {X}. Then, there
is a map χ : I → C(X)− {X} such that χ(0) = h({y}) and χ(1)= A. Define Λ = χ(I).
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Clearly, X /∈Λ. Since A and h({y}) are contained in different composants of X, it follows
that
⋃
Λ=X. Then, by [13, Theorem 1.50], X ∈Λ. This is a contradiction, so h(Y )=X
and (4) is established.
Since C(X) − {X} is not arcwise connected, C(Y ) − {h−1(X)} = C(Y ) − {Y } is not
arcwise connected as well. Therefore, by [13, Theorem 1.51], Y is indecomposable. Now
we show that Y is an indecomposable arc-continuum. To this aim, let A be a proper and
nondegenerate subcontinuum of Y . Since C(A) is arcwise connected, the set Ψ = h(C(A))
is arcwise connected too. If
⋃
Ψ = X, then by [13, Theorem 1.50], X ∈ Ψ . This implies
that X = h(B) for some B ∈ C(A). By (4) and the fact that h is a one-to-one map,
we have B = Y , so Y = A. Since this is a contradiction, X0 = ⋃Ψ = X. Then, X0
is either a singleton or an arc in X. Note that h(C(A)) = Ψ ⊂ C(⋃Ψ ) = C(X0), so
C(A) ⊂ h−1(C(X0)). Moreover, C(A) is nondegenerate. This implies that X0 is not a
singleton in X. Hence, X0 is an arc in X, so C(X0) can be embedded in R2. Then,
h−1(C(X0)) can also be embedded in R2 and since C(A) ⊂ h−1(C(X0)), C(A) can be
embedded in R2. Hence, by [13, Theorem 3.9], A is either an arc or a simple closed curve.
This shows that every proper and nondegenerate subcontinuum of Y is either an arc or a
simple closed curve.
Let assume now that some proper and nondegenerate subcontinuum A of Y is a simple
closed curve. Fix a point a ∈A and let * be the composant of Y that contains A. Let b ∈ *
be such that b /∈A and C ∈ C(Y )−{Y } be such that a, b ∈ C. Then, A∪C is a proper and
nondegenerate subcontinuum of Y, so A ∪C is either an arc or a simple closed curve that
contains the simple closed curve A. Hence, A∪C =A, so b ∈A. This contradiction shows
that A is not a simple closed curve. Therefore Y is an indecomposable arc-continuum so,
by [11, Theorem 3], Y ≈X. ✷
3. Compactifications of (−∞,∞)
In this section, we prove that there are compactifications of the space (−∞,∞), with
connected and nondegenerate remainder, that does not have unique hyperspace. We also
show that continua of the form (6) described in Section 1 have almost unique hyperspace.
To proof those results we use the next theorem.
Theorem 3.1. Let X be a continuum such that:
(a) X is irreducible between a and b,
(b) C(a,X) and C(b,X) are arcs in C(X),
(c) whenever X′ = A ∪X ∪ B is a continuum obtained from X by adding two disjoint
arcs A and B such that A∩X = {a} and B ∩X = {b}, where a is an end-point of A
and b is an end-point of B , it follows that X′ ≈X.
Define Y = X ∪ M , where M is a continuum such that M ∩ X = {a, b} and let
A = C(M,Y )− {Y }. For each A ∈ A, let Aa and Ab be the components of A ∩X such
that a ∈Aa and b ∈Ab . Then,
(1) A=M ∪Aa ∪Ab ,
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(2) the function f :A→ C(X) defined by f (A)=Aa is continuous,
(3) if M is an arc with end-points a and b, then C(X)≈ C(Y ).
Proof. To show (1) let A ∈A and define B =M ∪ Aa ∪ Ab. Clearly, B ⊂ A. If B  A,
fix a point x ∈ A − B and let K be the component of A − B such that x ∈ K . Note
that K ⊂ A ∩ X, so ClX(K) ⊂ A ∩ X. By [14, Theorem 5.6], ClX(K) ∩ B = ∅. Since
M ∩ X = {a, b}, it follows that either ClX(K) ∩ Aa = ∅ or ClX(K) ∩ Ab = ∅. Assume,
without loss of generality, that ClX(K) ∩ Aa = ∅. Then, ClX(K) ∪ Aa is a connected
subset of A ∩ X that properly contains the component Aa of A ∩ X. This contradiction
shows that B =A.
To show (2) take A ∈A and let (An)n be a sequence in A such that An → A. By (1),
each An can be writing as An =M∪Ana ∪Anb and A=M∪Aa ∪Ab. Assume that Ana →B
for some B ∈ C(a,X) and B = Aa . Since each Ana ⊂An, we have B ⊂A, so B ⊂A∩X.
This implies that B  Aa . Without loss of generality, we may assume that Anb → C for
some C ∈ C(b,X). Then, C ⊂ A. If C ∩ Aa = ∅, since X is irreducible between a and
b, we have X = C ∪ Aa ⊂ A, so Y =M ∪X ⊂ A and A= Y . This contradiction shows
that C ∩ Aa = ∅. Fix a point z ∈ Aa − B . Note that z ∈ A ∩ X and z /∈ C ∪ B . Since
An →M ∪ B ∪ C, A=M ∪ B ∪ C. Hence, z ∈M , so z ∈M ∩X = {a, b}. This implies
that either z= a ∈B or z= b ∈C. In any case, we have a contradiction. Therefore,B =Aa
and then Ana →Aa , so f is continuous.
To show (3) let assume that M is an arc with end-points a and b. Define Ca =
ClC(Y )({A ∈ C(a,Y ): b /∈ A}), Cb = ClC(Y )({A ∈ C(b,Y ): a /∈ A}), C = {A ∈ C(Y ):
a, b ∈ A} and Λ = Ca ∪ Cb ∪ C ∪ C(M). Clearly, C(Y ) = C(X) ∪ Λ. Take order arcs
α1, α2 : I → C(Y ) from {a} to X and from {a} to M , respectively. It is easy to see that
the map α : I 2 → Ca defined by α(s, t) = α1(s) ∪ α2(t) is a homeomorphism such that:
the image of the side of I 2 that joins the points (0,0) and (1,0) is C(a,X); the image of
the side of I 2 that joins the points (0,0) and (0,1) is C(a,M); the image of the side of
I 2 that joins the points (1,0) and (1,1) is the set {X ∪ α2(t): t ∈ I }, and the image of
the side of I 2 that joins the points (0,1) and (1,1) is the set {M ∪ α1(t): t ∈ I }. Then,
a geometric model for Ca is a square with vertices {a}, M , X and Y and sides C(a,M),
C(a,X), {X ∪ α2(t): t ∈ I } and {M ∪ α1(t): t ∈ I }.
Now, let β1, β2 : I → C(Y ) be order arcs from {b} to X and from {b} to M , respectively.
Then, the map β : I 2 → Cb defined by β(s, t) = β1(s) ∪ β2(t) is a homeomorphism such
that: the image of the side of I 2 that joins the points (0,0) and (1,0) is C(b,X); the image
of the side of I 2 that joins the points (0,0) and (0,1) is C(b,M); the image of the side
of I 2 that joins the points (1,0) and (1,1) is the set {X ∪ β2(t): t ∈ I }, and the image of
the side of I 2 that joins the points (0,1) and (1,1) is the set {M ∪ β1(t): t ∈ I }. Then,
a geometric model for Cb is a square with vertices {b}, M , X and Y and sides C(b,M),
C(b,X), {X ∪ β2(t): t ∈ I } and {M ∪ β1(t): t ∈ I }.
It is well known that a geometric model for C(M) is a triangle with vertices {a}, {b} and
M and sides F1(M), C(a,M) and C(b,M) (see [10, Example 5.1, p. 33]). It is not difficult
to see that C = C(M,Y ) ∪ C(X,Y ) and C(M,Y ) ∩ C(X,Y )= {Y }. Let µ :C(Y )→ I be
a normalized Whitney map. Consider the set T = {(s, t) ∈ R2: µ(M) s  t < 1} and let
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g :A→ T be the function g(A)= (µ(M ∪Aa),µ(A)). By (1) and (2), it follows that g is
continuous. It is easy to see that g is one-to-one.
We show that g is onto. Take a point (s, t) ∈ T . Since µ(M)  s < 1, there is
C0 ∈ C(a,X) such that µ(M ∪ C0) = s, so M ∪ C0 = Y . This implies that C0  X, so
b /∈ C0. Let β3 : I → C(X) be the map β3(t) =M ∪ C0 ∪ β1(t). Clearly, µ(β3(0)) = s
and µ(β3(1)) = 1, so there is r0 ∈ I such that µ(β3(r0)) = t . Let C = β3(r0). Since
t < 1, C = Y , so C ∈ A and C0 ∪ β1(r0) = X. Since X is irreducible between a and
b, C0∩ β1(r0) = ∅. Then, C ∩ X = C0 ∪ β1(r0), so Ca = C0, Cb = β1(r0) and g(C) =
(µ(M ∪C0),µ(C))= (s, t). This shows that g is an onto map.
Now we show that g−1 is continuous. Let (s, t) ∈ T and (sn, tn)n be a sequence in
T such that (sn, tn) → (s, t). Let A = M ∪ Aa ∪ Ab ∈ A be such that g−1(s, t) = A
and, for each n ∈ N, let An = M ∪ Ana ∪ Anb ∈ A be such that g−1(sn, tn) = An. Then
µ(M ∪Aa)= s, µ(A)= t and, for each n ∈N, µ(M ∪Ana)= sn and µ(An)= tn. Assume
that Ana → B0 for some B0 ∈ C(a,X). Since C(a,X) is an arc in C(X), C(a,X) is indeed
an order arc in C(X). Thus, either B0 ⊂ Aa or Aa ⊂ B0. Hence, M ∪ B0 ⊂M ∪ Aa or
M ∪ Aa ⊂M ∪ B0. Since M ∪Ana →M ∪ B0 we have sn = µ(M ∪ Ana)→ µ(M ∪ B0).
Thus µ(M ∪B0)= s = µ(M ∪Aa), so
(i) M ∪B0 =M ∪Aa .
Without loss of generality, we can assume that Anb → B1 for some B1 ∈ C(b,X). Since
C(b,X) is an order arc in C(X), we infer that
(ii) either B1 ⊂Ab or Ab ⊂ B1.
Put B =M ∪ B0 ∪ B1. By (i) and (ii) it follows that either B ⊂ A or A⊂ B. Note that
An→ B, so tn = µ(An)→µ(B). Hence, µ(B)= t = µ(A), and then A= B. This shows
that g−1 is continuous. Therefore, g is a homeomorphism.
We have obtained that A = C(M,Y ) − {Y } is homeomorphic to T . Then, the one-
point compactification of A, which is C(M,Y ), is homeomorphic to the one-point
compactification of T , which is homeomorphic to the semidisk in R2 with diameter
the segment joining the points (µ(M),µ(M)) and (1,1). Then, a geometric model for
C(M,Y ) is a disk whose boundary is represented by the union of the arcs {M ∪ α1(t):
t ∈ I } and {M ∪ β1(t): t ∈ I }. Similarly, a geometric model for C(X,Y ) is a disk whose
boundary is represented by the union of the arcs {X∪α2(t): t ∈ I } and {X∪β2(t): t ∈ I }.
Now we can put together the geometric models for Ca, Cb, C(M), C(M,Y ) andC(X,Y )
in order to obtain a geometric model for Λ. Observe the first picture in Fig. 1 and notice
that, the boundaries of the 2-cells represented there, are correctly glued. Therefore, a
geometric model for Λ is a triangle with vertices {a}, {b} and X in which the side that
joins vertices {a} and {b} is F1(M), the side that joins vertices {a} and X is C(a,X), and
the side that joins vertices {b} and X is C(b,X). Clearly, C(X)∩Λ= C(a,X)∪C(b,X).
Fix points a′, b′ ∈ M such that, in the natural order of the arc M , a < a′ < b′ < b.
Let X′ = a′a ∪ X ∪ bb′. By (c), X′ ≈ X. Let g :X′ → X be a homeomorphism. It is
not difficult to see that either g(a) = a′ and g(b) = b′ or g(a) = b′ and g(b) = a′.
Assume, without loss of generality, that g(a)= a′ and g(b)= b′. Then, X′ is irreducible
between a′ and b′. Define M ′ = a′b′ ⊂M . Clearly, Y =X′ ∪M ′. Put Ca′ = ClC(Y )({A ∈
C(a′, Y ): b′ /∈ A}), Cb′ = ClC(Y )({A ∈ C(b′, Y ): a′ /∈ A}), C ′ = {A ∈ C(Y ): a′, b′ ∈ A}
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Fig. 1.
and Λ′ = Ca′ ∪ Cb′ ∪ C ′ ∪ C(M ′). By the work we have done, a geometric model for
Λ′ is a triangle with vertices {a′}, {b′} and X′ in which the side that joins vertices {a′}
and {b′} is F1(M ′), the side that joins vertices {a′} and X′ is C(a′,X), and the side that
joins vertices {b′} and X′ is C(b′,X). Moreover, C(X′) ∩ Λ′ = C(a′,X′) ∪ C(b′,X′),
C(Y )= C(X′)∪Λ′ and Λ′ ⊂Λ. We claim that[
C
(
a′,X′
)∪C(b′,X′)]∩ IntC(Y )(Λ′)= ∅. (1)
In order to prove (1), it is enough to show that C(X′) ∩ IntC(Y )(Λ′)= ∅. Given points
a′′ ∈ aa′ − {a, a′} and b′′ ∈ bb′ − {b, b′}, let X′′ = a′′a ∪X ∪ bb′′. Then there is a natural
retraction r :X′ → X′′, shrinking the arc a′a′′ into the point a′′ and the arc b′b′′ into the
point b′′. If a′′ is close to a′ and b′′ is close to b′, r is close to the identity map defined in
X′. Thus if A ∈ C(X′), A can be approximated by sets of the form r(A), and notice that
r(A) /∈Λ′. This proves that C(X′)∩ IntC(Y )(Λ′)= ∅, so (1) is satisfied.
By (1) and the fact that C(Y )−C(X′)=Λ′ − [C(a′,X′)∪C(b′,X′)] is open in C(Y ),
it follows that
IntC(Y )
(
Λ′
)=Λ′ − [C(a′,X′)∪C(b′,X′)]. (∗)
Then, BdC(Y )(Λ′)= C(a′,X′)∪C(b′,X′). Similarly,
IntC(Y )(Λ)=Λ−
[
C(a,X)∪C(b,X)]
and BdC(Y )(Λ)= C(a,X)∪C(b,X).
Put Γ =Λ− IntC(Y )(Λ′). Since Λ′ ⊂Λ, the geometric model of Γ is an hexagon with
vertices {a}, X, {b}, {b′}, X′ and {a′} (see Fig. 2). It is easy to see that
Γ = (Λ−Λ′)∪ [C(a′,X′)∪C(b′,X′)].
Then, C(X′)∩Λ′ = C(a′,X′)∪C(b′,X′)⊂ Γ . We claim that
C
(
X′
)= C(X) ∪ Γ. (2)
Let A ∈ C(X′). Since C(X′) ∩ Λ′ ⊂ Γ we may assume that A /∈ Λ′. Then since
C(Y )= C(X) ∪Λ= C(X′)∪Λ′, by (∗), we have
A ∈C(X) ∪ (Λ−Λ′)⊂ C(X) ∪ Γ.
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Fig. 2.
Hence, C(X′)⊂ C(X) ∪ Γ . To show the opposite inclusion, let A ∈ C(X) ∪ Γ . Then,
A ∈ C(X′) ∪ Λ′. Assume that A ∈ Λ′. Since C(X) ∩ Λ′ = ∅, we have A ∈ Γ ∩ Λ′.
Hence, A ∈ C(a′,X′) ∪ C(b′,X′) ⊂ C(X′). This shows that C(X) ∪ Γ ⊂ C(X′), so
C(X′)= C(X) ∪ Γ .
By (∗) and the fact that C(X)∩Λ′ = ∅, it follows that
C(X) ∩ Γ = C(X) ∩Λ= C(a,X)∪C(b,X).
Now, Γ is an hexagon contained in the triangle Λ and both polygons share the sides
C(a,X) ∪ C(b,X). Then, there is a homeomorphism h :Λ→ Γ that coincides with the
identity map on C(a,X) ∪C(b,X). Define k :C(Y )→C(X′) by
k(A)=
{
A, if A ∈ ClC(X)
(
C(X)−Λ),
h(A), if A ∈Λ.
It is easy to see that k is a homeomorphism, so C(Y )≈ C(X′). Since X′ ≈X, we have
C(X′)≈ C(X). Therefore, C(Y )≈ C(X). ✷
For a continuumX = S1 ∪R∪S2, where S1 ∪R and S2 ∪R are compactifications of the
disjoint rays S1 and S2, both with remainderR, the letters a and b represents the end-points
of the rays S1 and S2, respectively, the letter M denotes an arc with end-points a and b
such that M ∩X = {a, b} and WX =X∪M . As an immediate consequence of Theorem 3.1
we have the following result.
Theorem 3.2. Let X be a continuum such that X = S1 ∪ R ∪ S2, where S1 ∪ R and
S2 ∪R are compactifications of the disjoint rays S1 and S2, both with remainder R. Then
C(X)≈ C(WX).
Then, by [1, Theorem 9 and Lemma 11] and Theorem 3.2 we have the following
theorem.
Theorem 3.3. Let X be as assumed in Theorem 3.2. Then FX = {WX}.
Therefore, continua X described in Theorem 3.2 have almost unique hyperspace.
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For a compactification X of the space V = (−∞,∞) with remainder R, define R1 =
ClX([0,∞))−[0,∞), R2 = ClX((−∞,0])− (−∞,0] and YX = [1,∞)∪R∪ (−∞,−1].
Clearly, R =R1 ∪R2. Note that if R1 =R2, then YX is a continuum of the form described
in Theorem 3.2 such that WYX ≈X. Then, by Theorem 3.3, we haveFYX = {X}. Therefore,
FX = {YX}. Then, we have the next result.
Theorem 3.4. Let X = V ∪ R be a compactification of the space V = (−∞,∞), with
connected remainder R. If R1 = R2, then FX = {YX}, so X does not have unique
hyperspace.
Let K be the class of continua X described in Theorem 3.4. By the same theorem, each
element of K have almost unique hyperspace. Moreover, since for every X ∈ K we have
YX /∈K, by Theorem 3.4 we have the following result.
Theorem 3.5. The members of K are C-determined.
Note that the elements of K are non arcwise connected continua. Let C be the class of
circle-like continua. Put K0 = K ∩ C. By Theorem 3.5 we have the following theorem,
which is a partial answer to the question by S.B. Nadler Jr. whether it is true that the
members of C are C-determined.
Theorem 3.6. The members of K0 are C-determined.
Question 1. Let X = V ∪ R be a compactification of the space V = (−∞,∞), with
connected and nondegenerate remainder R. Assume that R1 = R2. Is it true that X does
not have unique hyperspace?
4. Generalized Warsaw circles
In this section, X0 and Y0 denote the continua in the plane R2 defined by
X0 =
{(
x, sin
(
1
x
))
: 0 < x  1
}
∪ ({0} × [−2,1])
and Y0 =X0∪T0, where T0 is an arc with end-points a0 = (1, sin 1) and b0 = (0,−2) such
that T0 ∩X0 = {a0, b0}. The continuum Y0 is called the Warsaw circle and the continuum
X0 is the sin( 1x )-continuum with the limit arc enlarged through the end-point (0,−1).
Since X0 satisfies conditions (a)–(c) of Theorem 3.1, it follows by the same theorem that
C(X0)≈ C(Y0). Therefore, we have the following result.
Theorem 4.1. Neither X0 nor Y0 have unique hyperspace.
The main theorem of this section is Theorem 4.3. To show this result, we require the
following theorem.
Theorem 4.2. Let X be a continuum and A,B ∈ C(X) be such that AB . Suppose that:
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(1) A=A1 ∪A2 for some A1,A2 ∈ C(A)− {A},
(2) B = B1 ∪B2 for some B1,B2 ∈ C(B)− {B},
(3) A1  B1, A2  B2 and A1 ∩A2 = B1 ∩B2 ∈C(X).
Then, there is a 2-cell D in C(X) such that A ∈D− o(D).
Proof. Define A0 = A1 ∩ A2 and take order arcs α1, β1 : I → C(X) from A0 to A1 and
from A0 to A2, respectively. Let α2, β2 : I → C(X) be order arcs from A1 to B1 and from
A2 to B2, respectively. Define α,β : I →C(X) as follows:
α(t)=
{
α1(2t), if 0 t  12 ,
α2(2t − 1), if 12  t  1,
and
β(t)=
{
β1(2t), if 0 t  12 ,
β2(2t − 1), if 12  t  1.
Clearly, α and β are order arcs from A0 to B1 and from A0 to B2, respectively. Define
h : I 2 → C(X) by h(s, t) = α(s) ∪ β(t). It is easy to see that h is a one-to-one map such
that h( 12 ,
1
2 )=A. Hence, D= h(I 2) is a 2-cell in C(X) such that A ∈D− o(D). ✷
Theorem 4.3. Let X1 = V ∪ R be a compactification of the space V = [a,∞), with an
arc R = ce as the remainder. Let us assume that S = bc is an arc such that S ∩X1 = {c}
and define X =X1 ∪ S. If Y is a continuum such that C(X)≈ C(Y ), then either Y ≈X or
Y ≈X ∪ T , where T is an arc with end-points a and b, such that X ∩ T = {a, b}.
Proof. Let Y be a continuum such that C(X) ≈ C(Y ). Since X is not locally connected,
by [13, Theorem 1.92], Y is not locally connected as well. Moreover, since X contains
no triods, it follows that Y contains no triods. Define Λ1 = F1(X) ∪ C(a,X) ∪ C(b,X),
Λ2 = C(e,R)−{{e}} and Λ=Λ1 ∪Λ2. Let h :C(Y )→C(X) be a homeomorphism. We
claim that
(1) h(F1(Y ))⊂Λ.
Assume, to the contrary, that there is a point y ∈ Y such that K = h({y}) /∈Λ. Then, K
satisfies one of the following conditions:
(i) K is a nondegenerate subcontinuum of V such that a /∈K ,
(ii) K is a nondegenerate subcontinuum of R ∪ S such that b, e /∈K ,
(iii) K ∩ V = ∅ and K ∈ C(R,X1),
(iv) K ∩ V = ∅ and R K ∩ (R ∪ S)R ∪ S,
(v) R K R ∪ S.
In all cases, we are going to construct subcontinua A1,A2 ∈ C(K) − {K} and
subcontinuaB1,B2 ∈ C(X)−{X} such thatA1∪A2 =K , eitherB1∪B2 =X orB1∪B2 =
R ∪ S, A1  B1, A2  B2 and A1 ∩ A2 = B1 ∩ B2 ∈ C(X). If K satisfies (i), then K =
[f,g] for some f,g ∈ V such that g ∈ (f,∞) and f = a. Fix h ∈K − {f,g} and define
A1 = [h,g], A2 = [f,h], B1 = [h,∞) ∪ R ∪ S and B2 = [a,h]. If K satisfies (ii), then
K = xy for some x, y ∈ (R ∪ S)− {b, e} such that bx  by and x = b. Fix z ∈K − {x, y}
and define A1 = xz, A2 = zy, B1 = bz and B2 = ze. If K satisfies (iii), take f ∈ V − {a}
such thatK =R∪[f,∞). Fix a point g ∈ (f,∞) and defineA1 =R∪[g,∞), A2 = [f,g],
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B1 =A1∪S and B2 = [a,g]. If K satisfies (iv), take points x ∈ S−{b, c} and f ∈ V −{a}
such that K = xc ∪ R ∪ [f,∞). Define A1 = xc ∪ R, A2 = R ∪ [f,∞), B1 = R ∪ S and
B2 = X1. Finally, if K satisfies (v), take x ∈ S − {b, c} such that K = xc ∪ R. Define
A1 = xc, A2 = R, B1 = S and B2 = X1. Then, by Theorem 4.2, there is a 2-cell D in
C(X) such that K = h({y}) ∈D− o(D). Then,D′ = h−1(D) is a 2-cell in C(Y ) such that
{y} ∈D′ − o(D′). Thus, by Theorem 2.2, Y contains triods. Since this is a contradiction,
(1) is satisfied.
Note that C(a,X) and C(b,X) are order arcs from {a} to X and from {b} to X in C(X),
respectively. Moreover C(a,X)∩C(b,X)= {X} and
(
C(a,X)∪C(b,X))∩F1(X)= {{a}, {b}}.
Hence, T = C(a,X)∪C(b,X) is an arc in C(X) with end-points {a} and {b} such that
T ∩ F1(X)= {{a}, {b}}. Therefore
(2) Λ1 = F1(X) ∪ T is homeomorphic to X ∪ T , where T is an arc with end-points a
and b such that T ∩X= {a, b}.
Clearly, Λ2 ∪ {{e}} is an order arc from {e} to R in C(X) such that Λ1 ∩ (Λ2 ∪ {{e}})=
{{e}}. Then Λ2 ∪ {{e}} is a free arc in Λ, so Λ is locally connected at any point
of Λ2. Moreover, each nondegenerate subcontinuum Γ of Λ that intersects Λ2 is locally
connected at any point of Γ ∩Λ2. We claim that
(3) h(F1(Y ))∩Λ2 = ∅.
To show (3) assume, to the contrary, that there is A ∈ h(F1(Y )) ∩ Λ2. Take y ∈ Y
such that h({y}) = A. By (1), h(F1(Y )) is a nondegenerate subcontinuum of Λ that
intersects Λ2, so h(F1(Y )) is locally connected at A. This implies that Y is locally
connected at y, so Y is connected im kleinen at y. However, since R is the remainder
of the compactification X1, by [5, Theorem 2], C(X) is not connected im kleinen at A.
Then, C(Y ) is not connected im kleinen at {y}, so by [4, Corollary 4] Y is not connected
im kleinen at y, a contradiction. Hence (3) is established.
By (1) and (3) it follows that h(F1(Y ))⊂ Λ1. Clearly Y ≈ h(F1(Y )) and by (2) Λ1 ≈
X ∪ T , where T is an arc with end-points a and b such that T ∩X = {a, b}. Thus, we can
think that Y is a subcontinuum of X ∪ T . Since Y ∈ C(X ∪ T ) is not locally connected,
we have three possibilities: either Y ≈X1, or Y ≈X or Y ≈X ∪ T . If Y ≈X1, then Y is a
compactification of a ray, with nondegenerate remainder. Then, Y has unique hyperspace
[1, Theorem 4], so X is a compactification of a ray, with nondegenerate remainder too.
Since this is a contradiction, we infer that either Y ≈X or Y ≈X ∪ T . ✷
For a continuum X of the form described in Theorem 4.3, define WX =X∪T , where T
is an arc with end-points a and b, such that X∩T = {a, b}. As a consequence of Theorems
3.1 and 4.3, we have the following result.
Theorem 4.4. Let X be as assumed in Theorem 4.3. Then FX = {WX}.
Corollary 4.5. FX0 = {Y0}.
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Therefore, by Theorem 4.4, continua X described in Theorem 4.3 have almost unique
hyperspace. Moreover, if L denotes the class of such continua, by Theorem 4.4, we have
the following theorem.
Theorem 4.6. The members of L are C-determined.
The following theorem can be proved using the same ideas of Theorem 4.3.
Theorem 4.7. Let X1 = V ∪ R be a compactification of the space V = [a,∞), with an
arc R = bc as the remainder. Let us assume that S is an arc with end-points a and b such
that S ∩X1 = {a, b} and define X =X1 ∪ S. If Y is a continuum such that C(X)≈ C(Y )
then either Y ≈X or Y ≈X1 ∪ T , where T is an arc with b as an end-point of T such that
X1 ∩ T = {b}.
For a continuum X of the form described in Theorem 4.7, we define VX = X1 ∪ T
where T is an arc with b as an end-point of T such that X1 ∩ T = {b}. As a consequence
of Theorems 3.1 and 4.7, we have the next result.
Theorem 4.8. Let X be as assumed in Theorem 4.7. Then FX = {VX}.
Corollary 4.9. FY0 = {X0}.
Therefore, by Theorem 4.8, continua X described in Theorem 4.7 have almost unique
hyperspace. Moreover, if M denotes the class of such continua, by Theorem 4.8, we have
the following result.
Theorem 4.10. The members of M are C-determined.
Recall that a generalized Warsaw circle is an arcwise connected circle-like continuum
which is not a simple closed curve. In [12, Theorem 6], S.B. Nadler Jr. proved that a
continuum X is a generalized Warsaw circle if and only if there is a one-to-one and onto
map f : [0,∞)→X such that
f
([0,1])= ClX(f ([t,∞)))− f ([t,∞)) for each t > 1.
Thus, the class M defined above is precisely the class of generalized Warsaw circles.
Then, by the work we have done, we infer that generalized Warsaw circles have almost
unique hyperspace and that the members of the class of such continua are C-determined.
Since any arcwise connected circle-like continuum is either a simple closed curve or a
generalized Warsaw circle, and such continua have almost unique hyperspace, we have the
next result.
Theorem 4.11. Arcwise connected circle-like continua have almost unique hyperspace.
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Moreover, for any arcwise connected circle-like continuum X, the class FX contains
only one element which is obtained by removing the interior of a free arc in X.
Let C denote the class of circle-like continua and let C1 be the class of arcwise connected
circle-like continua. Note that C1 ⊂ C and that each element of C1 is either a simple closed
curve or a generalized Warsaw circle. Then we have the following theorem, which is
another partial answer to the question by S.B. Nadler Jr. whether it is true that the members
of C are C-determined.
Theorem 4.12. The members of C1 are C-determined.
Proof. Let X,Y ∈ C1 be such that C(X)≈ C(Y ). Then X is either a simple closed curve
or a generalized Warsaw circle. In the former case, since Y is a continuum such that
C(X)≈ C(Y ), by [1, Lemma 11], Y is either an arc or a simple closed curve. Since the arc
is not an element of C1 we infer that Y is a simple closed curve, so X ≈ Y. Now assume
that X is a generalized Warsaw circle. Then, by Theorem 4.8, either Y ≈ X or Y ≈ VX.
Since VX /∈ C1 we infer that Y ≈X. ✷
A similar proof to the one given in Theorem 4.12 shows the following result.
Theorem 4.13. Let X,Y ∈ C be such that C(X) ≈ C(Y ). Then X ∈ C1 if and only if
Y ∈ C1.
Let K0 be the class of circle-like continua X such that X= V ∪R is a compactification
of the space V = (−∞,∞), with connected and nondegenerate remainder R for which
ClX
([0,∞))− [0,∞)= ClX((−∞,0])− (−∞,0].
Note that K0 ⊂ C − C1 and that, by Theorem 3.6, the members of K0 are C-determined.
Then, by Theorems 3.6, 4.12 and 4.13 we have the following result.
Theorem 4.14. The members of C1 ∪K0 are C-determined.
Concerning classes of continua which are not C-determined, see [8,9].
Note added. The author has shown the following results:
• If X is a fan with the property of Kelley and infinitely many end-points, then X does
not have unique hyperspace.
• If X is a smooth fan and Y is a fan such that C(X)≈ C(Y ), then X ≈ Y .
• The members of the class of compactifications of the real line, with connected
remainder, are C-determined.
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